We introduce the notion of hyper-self-duality for Bose-Mesner algebras as a strengthening of formal self-duality. Let M denote a Bose-Mesner algebra on a finite nonempty set X . Fix p ∈ X , and let M * and T denote respectively the dual Bose-Mesner algebra and the Terwilliger algebra of M with respect to p. By a hyper-duality of M, we mean an automorphism ψ of T such that
Introduction
The purpose of this paper is to introduce the notion of hyper-self-duality for Bose-Mesner algebras (association schemes) as a strengthening of the usual notion of formal self-duality. Our motivation for doing so is the observation that the Bose-Mesner algebras which support spin models have this property.
Let X denote a finite nonempty set of size n, and let M X denote the C-algebra of matrices with entries in C whose rows and columns are indexed by X . A Bose-Mesner algebra on X is a commutative subalgebra M of M X which is closed under entry-wise multiplication •, which is closed under transposition, and which contains the identity and all ones matrices of M X . A formal duality of M is a linear bijection : M −→ M such that for all A,
B ∈ M : (AB) = (A) • (B), (A • B) = n −1 (A) (B), ( (A)) = n t A.
A Bose-Mesner algebra M is said to be formally self-dual when there exists a formal duality of M. We review Bose-Mesner algebras and self-duality in Section 2.
A spin model is a matrix which satisfies certain conditions which ensure that it yields an invariant of knots and links via a statistical mechanical construction of V. Jones [21] .
results the authors found that the Bose-Mesner algebra N (W ) is much more than formally self-dual. This led to the introduction of hyper-self-duality for Bose-Mesner algebras.
Hyper-self-duality is defined using Terwilliger algebras. Fix p ∈ X , and for A ∈ M, let ρ(A) ∈ M X denote the diagonal matrix with (x, x)-entry ρ(A)(x, x) = A( p, x). Set M * = ρ(M). The Terwilliger algebra T = T (M, p) associated with M and p is the subalgebra of M X generated by M ∪ M * . We discuss Terwilliger algebras in Section 3. By a hyper-duality of M (with respect to the base point p), we mean an automorphism ψ of T such that ψ(M) = M * , ψ(M * ) = M; ψ 2 (A) = t A for all A ∈ M; and nψρ is a formal duality of M. M is said to be hyper-self-dual whenever there exists a hyper-duality of M. We say that M is strongly hyper-self-dual whenever there exists a hyper-duality of M which can be expressed as conjugation by an invertible element of T .
Our main result concerning spin models is Theorem 5.5, which states that the BoseMesner algebra N (W ) supporting the spin model W is strongly hyper-self-dual. Motivated by spin models, we focus on strong hyper-self-duality. In Theorem 4.1 we characterize this property in terms of T -modules.
In Section 6 we present a Bose-Mesner algebra which is hyper-self-dual, but not strongly hyper-self-dual. We conclude with some problems concerning hyper-self-duality.
Formally self-dual Bose-Mesner algebras
In this section we review some basic material concerning formally self-dual Bose-Mesner algebras. The reader is referred to [4, 6, 13] for more details. The references [16, 20, 24, 28] also contain material that may be of interest.
Throughout this paper we fix a finite nonempty set X of size n. Let M X denote the C-algebra of matrices with entries in C whose rows and columns are indexed by X . The transpose of A is denoted by t A. A Bose-Mesner algebra on X is a commutative subalgebra M of M X , which is closed under Hadamard product, which is closed under transposition, and which contains the identity matrix I and the all 1's matrix J .
Let M be a Bose-Mesner algebra on X of dimension dim C M = d + 1. It is well-known that M has a unique linear basis 
We call
the basis of primitive idempotents of M.
By a formal duality of M we mean a linear bijection :
M is said to be formally self-dual when there exists a formal duality of M.
Note that a formal duality of M satisfies
for all A ∈ M since 
Proof: First suppose is a formal duality of M.
is a basis of M since is a linear bijection. Also observe that for all B ∈ M
is the basis of Hadamard idempotents of M. Now we may order the primitive idempotents such that
Next suppose (5) holds for some ordering E 0 , E 1 , . . . , E d of the primitive idempotents. We compute for all i, j (0
Thus is a formal duality of M since each of the defining conditions holds on a linear basis of M. 2
An ordering of primitive idempotents satisfying (5) is called a standard ordering of the primitive idempotents for . 
Terwilliger algebras and hyper-duality
Thus is a formal duality of M by Lemma 2.1, and the ordering of the primitive idempotents is standard for .
(ii)⇒(i): Since = nψρ satisfies (5), we compute for all i(0
By a hyper-duality of M (with respect to the base point p), we mean an automorphism ψ of T with the following properties (i)-(iii):
A hyper-duality ψ is said to be inner when it is an inner automorphism of T :
M is said to be hyper-self-dual (with respect to p) whenever there exists a hyper-duality (with respect to p), and it is said to be strongly hyper-self-dual (with respect to p) whenever there exists an inner hyper-duality (with respect to p). 
Now fix an ordering of primitive idempotents such that (6) holds. Observe that for all
Hence nψρ is a formal duality of M by Lemma 3.1 2
Strong hyper-self-duality
The purpose of this section is to give a module characterization of strong hyper-self-duality. Since Terwilliger algebras are semisimple, their simple modules determine the structure of the Terwilliger algebra itself. The literature generally presents module descriptions of Terwilliger algebras. Before stating the main result of this section, we recall some basic facts about the simple modules of Terwilliger algebras. The reader is referred to [12] for a general discussion of semisimple algebras. Let M be a Bose-Mesner algebra on X of dimension dim C (M) = d + 1. Fix a base point p ∈ X , and let T be the Terwilliger algebra of M with respect to p. T is semisimple, and so T decomposes as T = ⊕ λ∈ ϕ λ T , where ϕ λ (λ ∈ ) are the primitive central idempotents of T . Let V = C X denote the n-dimensional vector space consisting of column vectors whose entries are indexed by X . By a T -module we mean a linear subspace U of V which is closed under the action of T : Au ∈ U for all A ∈ T and for all u ∈ U . V decomposes as V = ⊕ λ ∈ ϕ λ V , and each ϕ λ V is a direct sum of mutually isomorphic simple T -modules. Moreover, the subalgebra ϕ λ T is isomorphic to the endomorphism algebra End C (U ), where U is any simple T -module contained in ϕ λ V ; the isomorphism maps L ∈ ϕ λ T to the endomorphism u → Lu (u ∈ U ). 
where [B] j denotes the matrix representing B ∈ T with respect to the basis j ( j = 1, 2).
To prove this theorem we first need some lemmas concerning linear endomorphisms σ of T -modules U whose action on U satisfies Proof: Since ψ is inner,
Lemma 4.3 Let U and U be isomorphic T -modules with isomorphism f
Proof: (i) Pick any u ∈ U . Since f −1 and f are T -module isomorphisms, and since σ satisfies (8), we compute for all i(0
The other relations of (8) can be verified similarly.
(ii) Pick any u ∈ U and set u = f (ii) ⇒ (i): Recall that T and V decompose as T = ⊕ λ∈ ϕ λ T and V = ⊕ λ∈ ϕ λ V , where {ϕ λ | λ ∈ } denotes the set of primitive central idempotents of T . Fix any λ ∈ . Note that ϕ λ V is a direct sum of mutually isomorphic simple T -modules:
Note that (9) holds for all u ∈ ϕ λ V since it holds for all j
We claim that
To see this, pick any v ∈ V and write
Using this relation and L λ v µ = 0 for λ = µ, we compute as follows.
Hence (10) holds, and so
The remaining relations of (6) can be shown similarly. 
Spin models
Spin models are square matrices satisfying certain conditions which ensure that they yield an invariant of links via a statistical mechanical construction of V. Jones [21] . Here we consider the nonsymmetric generalization of Jones' spin models which were presented in [22] . One may construct formally self-dual Bose-Mesner algebras from spin models [20, 26 19] . The purpose of this section is to extend this result by showing that such Bose-Mesner algebras are strongly hyper-self-dual. Some specific examples of spin models have been presented in [1, 3, 5, 17, 21, 23, 25] . Let us begin by recalling precisely some facts about spin models. A spin model on X is a matrix W ∈ M X with non-zero entries which satisfies the following conditions (for all a, b, c ∈ X ):
Setting b = c in (12) shows that every diagonal entry of W is the same; we refer the constant diagonal entry of W as the modulus of W . Let W be a spin model on X . For every pair (b, c) ∈ X , we consider the column vector Y bc in V = C X whose x-entry is given by
Let N (W ) be the set of matrices A in M X such that Y bc is an eigenvector for all b, c ∈ X :
For A ∈ N (W ), let (A) ∈ M X be defined by
For A ∈ M X with nonzero entries, let A − denote the matrix in M X whose (x, y) entry is A(y, x) −1 . Observe that W W − = n I by (11) , and so W and W − are invertible.
Theorem 5.1 ([20, 26]) Let W be a spin model on X with modulus α. (i) N (W ) is a Bose-Mesner algebra on X containing W . (ii) (A) ∈ N (W ) for all A ∈ N (W ), and the map A → (A) is a formal duality of N (W ). (iii) (A)
Let M be a Bose-Mesner algebra such that W ∈ M ⊆ N (W ). Such a Bose-Mesner algebra M is said to support W . Now fix a base point p ∈ X , and let T denote the Terwilliger algebra of M with respect to p.
(W ). In particular K is invertible and K
Proof: For any x, y ∈ X ,
Observe that ρ(W ) and ρ( t W ) are invertible since W has non-zero entries. Hence K is invertible.
2
Lemma 5.4 For all A ∈ M, AK = Kρ( (A)).
Proof: For any x, y ∈ X , (14) . Then K ∈ T , and the map ψ : (4) and (5), (
Theorem 5.5 Let W be a spin model on X and let M be a Bose-Mesner algebra such that W ∈ M ⊆ N (W ). Fix a base point p ∈ X, and let T denote the Terwilliger algebra of M with respect to p. Let K be as in
Using this relation and Lemma 5.4, we compute for all i (0
The remaining equations of (6) can be shown similarly. Thus ψ is a hyper-duality by Lemma 3.2. 2
Example
In this section, we present a Bose-Mesner algebra which is hyper-self-dual but not strongly hyper-self-dual, namely the Bose-Mesner algebra of the Shrikhande graph [27] . Let X = {(ij) | i, j = 1, 2, 3, 4}, and define A 1 to be the matrix in M X with ((ij), (i j ))-entry:
Let M denote the linear span of {A 0 , A 1 , A 2 }. It follows from its definition and the above computations that M is a formally self-dual Bose-Mesner algebra with Hadamard idempotents {A 0 , A 1 , A 2 } and primitive idempotents {E 0 , E 1 , E 2 }.
Let T denote the Terwilliger algebra of M with respect to the base point (11) . For all x ∈ X , the (x, x)-entry of A *
ifx ∈ { (23), (24), (32), (34), (41), (44)}, −2 otherwise.
We now present a decomposition of V = C X into simple T -modules V = ⊕ 9 =0 U via an ordered basis of each. For each of these simple T -modules we present the matrices representing A 1 and A * 1 with respect to the given ordered basis and a matrix K (except for = 5, 6) which we explain below. A similar decomposition appears in [29] . The action and simplicity of each module can be deduced from the definitions A 1 and A * 1 . Let e i j ∈ V denote the characteristic vector of (ij) (i, j = 1, 2, 3, 4). [ [ [ [ [
Now let K ∈ M X denote the matrix whose action on U coincides with K for all = 5, 6 and which exchange the given bases of U 5 and U 6 . Then
Observe that M is generated by A 1 and M * is generated by A * 1 . It follows that the automorphism ψ : (6), and hence M is hyper-selfdual by Lemma 3.2. However, the action of A 1 and A * 1 on U 5 (or U 6 ) shows that M is not strongly hyper-self-dual by Theorem 4.1.
Remark For all integers a ≥ 1 and b ≥ 0, the Doob graph D(a, b) is defined as the direct product of a copies of the Shrikhande graph and b copies of the complete graph on 4 vertices. The Doob graphs are distance-regular, so there is a Bose-Mesner algebra associated to each D(a, b) (see [6] ). An induction based upon this direct product construction has allowed the authors to show that the Doob graphs are hyper-self-dual. The induction begins with the above observation that the Shrikhande graph is hyper-self-dual and the easy observation that the complete graph on 4 vertices is strongly hyper-self-dual. The authors have further shown that the Doob graphs are not strongly hyper-self-dual. As above, this was done by producing a T -module which does not have a "self-dual" action.
Problems
See [6] for terminology used in this section. Problem 7.1 Study the known examples of formally self-dual Bose-Mesner algebras (association schemes) to determine which are not hyper-self-dual, which are hyper-self-dual but not strongly hyper-self-dual, and which are strongly hyper-self-dual. While doing so, describe the Terwilliger algebras of these examples so that the type of duality is clear.
We have shown that all self-dual translation Bose-Mesner algebras are hyper-self-dual [9] . Many distance-regular graphs give rise to translation Bose-Mesner algebras, including Hamming graphs, bilinear forms graphs, alternating forms graphs, Hermitian forms graphs, affine E 6 (q) graphs, the extended ternary Golay code graph, and Paley graphs. Except for the Hamming graphs (which support spin models), it is open to decide which are strongly hyper-self-dual and to give a complete description of their Terwilliger algebras.
The 2-homogeneous bipartite distance-regular graphs have been shown to be strongly hyper-self-dual, and their Terwilliger algebras have been completely described [8, 15] . We have shown that the Doob graphs are hyper-self-dual, but not strongly hyper-self-dual. The Terwilliger algebras of the Doob graphs are described in [29] ; however, it is now natural to ask for an extension of this description which makes it clear which simple modules are dual to one another. The quadratic forms graphs by Egawa are another interesting family of formally self-dual distance-regular graphs. It is open to decide if they are hyper-self-dual.
We have examined some Latin square graphs and found families which are strongly hyper-self-dual and other families which are hyper-self-dual but not strongly hyper-selfdual. We note that no Latin square graph supports a spin model, so strong hyper-self-duality is not just a property arising from spin models. It is open to decide if all Latin square graphs are hyper-self-dual. A partial description of the Terwilliger algebra of any given example can be deduced from [31] .
A few formally self-dual Bose-Mesner algebras (association schemes) not related to distance-regular graph are known. Some are translation Bose-Mesner algebras. Other examples include the Bose-Mesner algebras arise from nonsymmetric P-and Q-polynomial association schemes and amorphous association schemes (association schemes of (negative) Latin square type). These examples have not been studied from the perspective of hyper-self-duality. We have shown that the Bose-Mesner algebra constructed from a symmetrizable type II matrix using the construction of [20] is hyper-self-dual [9] . Problem 7.2 Study the distance-regular graphs which support a spin model.
In [10] it was shown that the distance-regular graphs which support a spin model are described by just two parameters, and in [7] it was shown that the simple modules of their Terwilliger algebras are well behaved. Using these results, together with those of [30] and the present paper, it may be possible to completely describe their Terwilliger algebras. In [11] it was shown that the non-Hamming 2-homogeneous bipartite distance-regular graphs of the distance-regular graphs have Terwilliger algebras which are homomorphic images of the quantum universal enveloping algebra of sl (2) . The Hamming graphs are related to the classical universal enveloping algebra of sl (2) [15] . Perhaps the Terwilliger algebras of any further examples (if they exist) are related to some 2 parameter deformation of the universal enveloping algebra of sl (2) . It may be also be possible to show that the only distanceregular graphs with diameter at least 4 which support a spin model are either triangle-free or Hamming graphs.
